







































































Math2010 Week 13

1hm Implicit FunctionTheorem

Let REIR beopen F R IRKbeC Then 3open sets UER containing a

Denote X CX Xn y ly rigid VEIRKcontaining b and C function

First 7g
e O I

FIX nln.yii yk1
X Xii iXn I y ly iyk

suchthat
Suppose a b Er whereaElRh.bEIRk.suchthat

ycag.b
Fla b C c IRK Fix 4hr11 c

and the Kirkmatrix I a If la.BE FIela.bi
KxnIFCab DF a b Kirk Kin

z Yi dyk I Ek l en te is k l en
I isinvertibleb
I
qq.ca.bg laid
Y Yk










































































SpecialcaseA k Ineg2 of lastweek

F REIR SIR eg2 X4y4E 2 Solve for Zuzlx.gs

F Xy Fini Xn y X y 2 Xuxa y
i e one constraint FIx.i ixn.gs C

1133 Notation General Notation

Suppose a Cai i an ElR be RgKiyiH x4y4E 2FlxiiXa.y1 XftXfty2caCa az 10,1 b 3
Fla b Fla can b C

IFT means ISIN.li 2t O IIylai.az b 21 0

If la an b to then By IFT By IFT
Y FZ zcxy near10.1.11 Fy ylXnXz near lavasb

FY YIK Xn near aliyah suchthat suchthat
solving the constraint locally gcx.y.ZCX.gl 2 FIH.xaylx.ir C

FIX in ys C 210.11 1 yea ay

Hail Ian _b Rmk 3 gcanbecomputedbyimplicit
differentiation










































































Special case 13 nel k z In eg3 of lastweek

X4y4E z
MEIR 1122 Twoconstraints 93 Solvefor g ya 2K

X t 2 I
FlXiYnYz vF YY Ek y gg ff XYZ t IX guys

1133 Notation General Notation
Suppose la b bz satisfies the constraints Fmyzy 4y4E z Fixyiyt x4yityi c
then IFT means Fzk.y.zj xtz IFH.yi.gs Xtyz Cz

I labbz abbz 9 0 b lbbz 11,1 etc cz42,1

f is invertible IF IF IF IF

Iiiiiambiotitan Iii 1371 IIi a it 72
y Z 01,1 invertible invertible

hen Fyi Yik yz ydX near a By I I By I I
solvingtheconstraints locally TY_YIH Z near tyi yicxi.yay.cn near

0,1 1 suchthat carbbz suchthat
Filx Yik Yak Cr T x yw 21 11 2 Fix ycx Yak Cr

yicaj b Fix 11 1 11 1 yicas b
YO _Ifor 1 1,2 for i 4,22101 1










































































lmk Wewrite F FIXy and y F Z 2xcoslyz X42coslyqzXYXtycoszly.tv
solve y as a functionof X but
in fact theordering of thevariables OF 12 1 4 f 44
is not important O 4 IFT x y canbeexpressedas4 10 7
eg Consider the constraints I 4 functions of 2 near 2 1,4

X2 1 sinlyz XT 8 o 3 IFT x z canbeexpressedas
X t tty t 32 18 3 3 to

functions of y near 2 1,4
Near 12 1,4 can we solve 2 of
thevariables asfunctions of the I 0

Noconclusion onwhetherg z can be
expressedasfunctionsof X near 2 1,4

remaining variable from IFT
Sol Rmk y z are notdifferentiable of near 12,44
let Fay H III otherwise byimplicitdifferentiation

Effing FEY 1443 11.1 191 nosolution contradiction










































































3mk Implicit FunctionTheoremhas Thm IInverseFunctionTheorem

many important applications such as Let re 113 beopen
rigorous proofs of f r s R beC fl a b

Suppose Dfla is an invertible nxn matrix
Implicit differentiation

Then zopen sets Vi UzERn aEU beU2
Tangent planeof surface FKY L

and a a function g Uz U suchthat
Lagrange Multipliers

g b a

Thefollowing InverseFunctionTheorem gHKD X th EU

is equivalent to ImplicitFunctionTheorem flglyD Y HyeK
g is a localinverseof f g flu
Dglb Dfa
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